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strong potential for solving complex mathematical and pro-
gramming tasks. However, its efficiency is constrained by the
reward dependency barrier—a synchronization bottleneck
caused by sequential reward-guided exploration that limits
search parallelism and introduces substantial latency. Prior
system optimizations, mainly designed for linear Chain-of-
Thought (CoT) reasoning, cannot address these challenges,
leaving the efficiency of ToT underexplored.

To enhance ToT reasoning efficiency, we observe that the
reasoning paths can be explored speculatively to break the
reward synchronization barrier. Therefore, in this paper, we
propose SPEX and introduce three key techniques: (i) intra-
query speculative path selection to predict and expand high-
potential branches of ToT, (ii) inter-query budget allocation
to balance speculative resource allocation across queries dy-
namically, and (iii) adaptive early termination to prune deep
and redundant branches for a skewed search tree.

We implement SPEX on top of the SGLang framework and
evaluate it across diverse ToT algorithms and LLMs. Exten-
sive experiments show that SPEX achieves 1.2 ~ 3 x speedup
for different ToT reasoning algorithms. Moreover, SPEX syn-
ergizes with token-level speculative decoding, achieving cu-
mulative speedups of up to 4.1x. Ablation studies further
confirm the contributions of each technique. Overall, SPEX
represents a significant step toward efficient and scalable
ToT reasoning, unlocking the parallelism required for high-
performance inference-time scaling for LLMs.

1 Introduction

The recent success of Large Language Models (LLMs) has
been driven by their ability to scale with inference-time
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Figure 1: [llustration of ToT and Reward Barrier.

compute budgets [3, 8, 26, 47, 50-52, 69]. Two main ap-
proaches have been constructed, including Chain-of-Thought
(CoT) [13,41,59,72] and Tree-of-Thought (ToT) [2, 11, 16,
19,55, 66]. CoT prompts LLMs to reason over a coherent
sequence of tokens (denoted as “thought”) that serve as inter-
mediate steps toward problem solving. ToT further general-
izes CoT by maintaining a search tree and allowing LLMs to
explore different branches of the tree adaptively, as in Figure |
(a). To guide exploration, ToT often relies on a reward signal
that evaluates existing reasoning branches and decides the
next course of action, e.g., expanding existing branches or
backtracking. Compared to CoT, ToT enables LLMs to per-
form complex reasoning and greatly enhance their problem-
solving capabilities.

Prior ToT algorithms employ distinct exploration strate-
gies driven by how reward signals guide the search. They
can be categorized into two paradigms that impose differ-
ent dependency patterns on the system [64]. Breadth-First
Search (BFS) maintains a set of the most promising thoughts
at each step, utilizing intermediate reward feedback to con-
currently prioritize and expand branches at the current search
frontier. In contrast, algorithms like MCTS [68] incorporate
Depth-First Search (DFS). The reward of all the nodes of a
reasoning branch is iteratively updated via tree-search value
propagation from leaf nodes. The search policy then lever-
ages these refined rewards to revisit and expand prior nodes,
enforcing a sequential dependency on previous iterations.
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While ToT enhances reasoning capabilities and accuracy,
it comes with increased latency overhead [10,24,30]. Many
studies have explored strategies for efficient reasoning. On
the algorithmic side, techniques like TrimR focus on reducing
the length of thoughts for better reasoning efficiency [7,9,
17,24,32,35,36,45,57,70]. On the system side, serving
frameworks such as vLLM [27] and SGLang [71] achieve
significant efficiency improvement with PagedAttention and
RadixAttention. However, these system optimizations are
primarily designed for linear CoT reasoning and overlook the
unique characteristics of ToT reasoning [29].

In this paper, we identify the critical performance bottle-
neck in ToT reasoning as the Reward Dependency Barrier as
illustrated in Figure 1(b). In Breadth—First Search, the barrier
imposes a synchronization overhead: expansion decision is
gated by the aggregation of reward values of all concurrent
thoughts. High variance in decoding lengths creates strag-
glers, forcing shorter branches to idle until the longest one
completes. For Depth-First Search, the barrier imposes a se-
quential constraint: each new traversal must wait for the pre-
vious rollout outcome and tree-value update before deciding
whether to continue or backtrack, enforcing a serialized exe-
cution flow. Consequently, both scenarios prevent the system
from sustaining dense batch processing. This inefficiency
limits parameter reuse and KV cache sharing, significantly
degrading arithmetic intensity and shifting the workload to a
memory-bound regime.

To break the barrier, we propose SPEX to enhance par-
allelism in ToT reasoning. By proactively generating subse-
quent thoughts for promising branches without waiting for the
synchronization of reward values, SPEX allows the system
to overlap the generation of future thoughts with the comple-
tion of current thoughts. It addresses three key challenges in
speculative exploration: (i) How to accurately predict which
branches to expand speculatively, (ii)) How to efficiently al-
locate computational resources across queries with varying
demands and reuse opportunities, and (iii) How to manage
skewed tree structures, where a few disproportionately deep
thought branches dominate overall inference latency and are
difficult to explore speculatively.

To address these challenges, we identify three key in-
sights that shape the design of SPEX. First, reward stability
across iterations enables reliable prediction of high-potential
branches, even in DFS. Second, shared computation oppor-
tunities, such as KV cache reuse and parameter sharing, can
enhance speculative efficiency and resource utilization. Fi-
nally, in skewed tree structures, most correct solutions emerge
at shallow depths, making it possible to terminate the deep
branches early.

Motivated by these insights, SPEX introduces three key
techniques: (i) Intra-query speculative branch selection,
which leverages reward stability in DFS and score-based allo-
cation in BFS to identify high-likelihood branches for specu-
lative expansion. (ii) Inter-query budget allocation, which

dynamically distributes speculative resources across queries
based on predicted utility, KV cache reuse potential, and sys-
tem constraints, ensuring balanced and efficient utilization.
(iii) Adaptive early termination, which halts exploration in
skewed trees once sufficient confidence is achieved, avoiding
unnecessary computation in deep branches.

Finally, to unify speculative exploration across diverse ToT
reasoning algorithms, we design SPEX as a general pro-
ducer—consumer execution framework that integrates the
three techniques. The framework decouples branch expansion
(producer role) from control logic (consumer role), enabling
concurrent progress on both primary and speculative branches
while adapting to system resource conditions. Our contribu-
tions can be summarized as follows:

* We identify the reward dependency barrier as the princi-
pal bottleneck in ToT reasoning.

* We propose SPEX, a speculative exploration framework
that breaks this barrier by proactively and speculatively
exploring promising branches.

* We design three complementary techniques, i.e., intra-
query speculative selection, inter-query budget alloca-
tion, and early termination strategy, to improve the effec-
tiveness of speculation.

* We implement the SPEX on top of SGLang and demon-
strate up to 3x speedup over prior-art ToT reasoning
algorithms without compromising accuracy. SPEX is
available at https://github.com/PKU-SEC-Lab/SPEX.

2 Background

2.1 Tree-of-Thought Reasoning

Recent research on inference scaling laws has shown that
LLM performance improves with increased inference-time
compute budget [3,8,20,26,42,43,50-52]. Chain-of-Thought
(CoT) extends reasoning depth along a single trajectory, Tree-
of-Thought (ToT) further expands reasoning breadth by ex-
ploring multiple solution paths in parallel [64].

Structurally, ToT frames reasoning as a search over a tree
of discrete steps. In this framework, each step constitutes a
coherent segment of thought, serving as the atomic unit of
expansion. Accordingly, a node represents the partial solution
state reached by applying a step, and a sequential trajectory
of these states from the question to a final answer forms a
reasoning path [60].

The search is guided by reward signals, derived either
from a dedicated reward model [60] or through the reasoning
model’s intrinsic self-evaluation [18]. As illustrated in Fig-
ure 2, ToT algorithms can be categorized by their expansion
and traversal strategies into BFS and DFS.
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Figure 2: Classification of different ToT algorithms.

2.1.1 Breadth-First Search

Breadth-First Search maintains a collection of the most
promising nodes at each step, optimizing the search frontier
by utilizing intermediate feedback to concurrently prioritize
and extend these branches [64]. A representative algorithm
is REBASE [60] illustrated in Figure 2(a), which utilizes
process rewards to guide this search. It employs a softmax-
based mechanism to dynamically allocate expansion budgets.
Formally, given a total sampling budget B; at depth i, the
expansion width W; for a node n; is calculated as:

— Round (B, _SXPR())/Ty)
Wi =Round (B' zkexpm(nk)/n))

where R(N;) denotes the reward score of node n;, 7}, is the
balance temperature controlling the exploration-exploitation
trade-off, and the summation index k iterates over all candi-
date nodes at the current depth i.

2.1.2 Depth-First Search

Depth-First Search explores the most promising path until a
terminal state is reached, and then leverages updated value es-
timates to backtrack and revisit high-potential prior states for
alternative exploration [64]. Thus, the next traversal is chosen
only after the current rollout updates the tree state. Monte
Carlo Tree Search (MCTS) is a representative algorithm for
this category as illustrated in Figure 2(b) [5, 46, 56, 62]. It
balances the trade-off between exploration and exploitation
using the Upper Confidence Bound (UCB) metric to select
the next action a*:

logN(s)
N(s,a)

a* = argmax lQ(&a) +ec-

where Q(s,a) represents the estimated value of taking ac-
tion a in state s, N(s) and N(s,a) denote the visit counts for
the state and the specific action, respectively, and c is the
exploration constant. By updating these statistics after each
traversal, the algorithm retrospectively adjusts its search fo-
cus. However, this iterative dependency typically enforces a
sequential execution pattern, severely limiting parallelism.

Notably, DFS can operate in isolation or coexist with BFS.
Pure DFS, such as RSTAR-MCTS [46], generates a single
continuous chain per iteration, receiving a reward signal
only upon reaching the final outcome. In contrast, REST-
MCTS [68] adopts a hybrid strategy where each iteration
functions as a step-wise BFS: at every depth, it expands mul-
tiple candidate nodes and utilizes immediate process rewards
to select the single best child for the subsequent step.

2.2 Existing Optimizations for ToT Reasoning

Existing system optimizations for LLM inference are highly
effective for single-path CoT reasoning, but few are specifi-
cally designed to support the tree-structured search process
of ToT reasoning. This fundamental mismatch leaves current
serving infrastructures unable to fully exploit the potential of
multi-path search.

On the system side, a series of serving frameworks have
substantially improved throughput and latency for linear de-
coding workloads. VLLM [27] introduces PageAttention,
which decouples key-value caching from attention computa-
tion. SGLang [71] implements RadixAttention to reuse inter-
mediate KV-cache memory across requests. FlashAttention
and FlashDecoding utilize the online softmax to reduce mem-
ory usage [15]. FlashInfer integrates the above optimizations
of attention into a unified block-sparse framework [65]. To-
gether, these efforts demonstrate the effectiveness of system-
level optimization for general LLM decoding.

On the algorithmic side, efficient reasoning methods pri-
marily target token efficiency in CoT. Approaches reduce
the number of generated tokens or adaptively adjust reason-
ing length based on task complexity [7,9,17,35,36,57,70].
ETS [23] goes beyond token-level analysis by providing a
system-oriented perspective, showing that in memory-bound
scenarios, KV cache access dominates inference costs. By
optimizing KV reuse and access patterns, ETS connects algo-
rithm design with system efficiency.

Despite these advances, existing methods share a funda-
mental limitation: they are tailored for linear CoT reasoning.
While CoT-style optimizations leverage batching and prefix
sharing across requests, they do not accommodate the irregu-
lar, tree-shaped exploration inherent to ToT reasoning.

3 Motivation and Challenge

Unlike CoT, ToT requires concurrent branch expansion, dy-
namic allocation of computational budgets, and synchroniza-
tion based on reward signals. These characteristics introduce
new system-level bottlenecks that current inference systems
are not designed to handle.

In this section, we first present our key observation that the
reward dependency barrier constitutes the primary bottleneck
limiting ToT reasoning efficiency (§3.1). We then provide
a quantitative analysis of how this barrier constrains system
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Figure 3: Example of (a) reward barrier and (b) our proposed
speculative exploration.

performance (§3.2), followed by our motivation: speculative
branch exploration as a means to improve efficiency (§3.3).
Finally, we discuss the challenges to perform speculative
exploration in ToT reasoning (§3.4).

3.1 Observation on Reward Dependency Bar-
rier

We observe that the reward dependency barrier is the principal
performance bottleneck in ToT reasoning: At each stage of
the search, the system must pause to await feedback from the
reward model before determining the next action. The man-
ifestation of this barrier varies depending on the underlying
algorithmic paradigm and arises from two main sources.

1) Intrinsic Sequentiality in Depth-First Search. In DFS
algorithm, the search advances along a single reasoning path,
with progress contingent on receiving the reward signal. Only
after obtaining this feedback can the system decide whether to
backtrack and which alternative branch to explore next. This
results in inherently sequential execution and severely limits
opportunities for parallelism, as depicted in Figure 3(a).

2) Synchronization Bottlenecks in Breadth-First Search.
In contrast, BFS algorithm can explore multiple candidate
branches in parallel at a given search depth. However, its
overall progress remains gated by synchronization points at
each level: the system must aggregate reward signals across
all branches before determining the expansion budget for
each node at the next depth, as shown in Figure 3(a). This
introduces critical synchronization overheads that limit par-
allelism, as faster branches are forced to idle until the global
aggregation completes.

To quantify the reward barrier, we analyze the cumulative
distribution of node lengths and their variation across search
depths. We conduct this profiling on two representative work-
loads: Llemma-7B on MATH-500 and DeepSeek-R1-8B on
the challenging AIME benchmark. Here, a node length is
the number of tokens generated for one reasoning step. As
shown in Figure 4(a), DFS typically involve a large number
of sequential steps, with each step generating 50-100 tokens.

—— Llemma-7B on MATH-500 DeepSeek-R1-8B on AIME
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Figure 4: Cumulative Distribution Function (CDF) of reason-
ing characteristics for Llemma-7B [1] and DeepSeek-R1-8B.
(a) Node Lengths; (b) Total Nodes Per Search; (c) Total Nodes
Per Path; (d) Variation of Node Lengths at the same depth.

Figure 4(b) and 4(c) further illustrate that the total number of
nodes per search and the number of nodes along each path
are both substantial, indicating that MCTS-style algorithms
require traversing many nodes in series. Given that these
methods often require hundreds of such steps, this results in
significant cumulative latency. For BFS algorithm, Figure 4(d)
quantifies the synchronization overhead by plotting the varia-
tion in node lengths at the same depth. The slow saturation of
the CDF curves reveals a pronounced long-tail effect: while
many branches finish early, the system is forced to idle for the
slowest "straggler" branches to complete. This high variance,
particularly evident in the DeepSeek workload, exacerbates
resource underutilization at synchronization barriers.

Overall, this analysis highlights that both algorithmic
paradigms are fundamentally constrained by the reward bar-
rier: DFS methods suffer from high sequential latency due to
deep search paths, while BFS methods are limited by strag-
glers and synchronization overhead.

3.2 System-Level Performance Analysis

To quantitatively illustrate how the reward dependency barrier
limits system efficiency, we analyze the performance of ToT
using the Roofline model. Two primary contributors domi-
nate memory operations during inference: (i) model weight
accesses and (ii) KV cache accesses. Both are significantly
affected when parallelism is constrained, leading to repeated
memory operations and inefficient resource utilization.
When batch sizes are small due to limited parallelism, the
system must repeatedly load model weights for each reason-
ing step. Similarly, KV cache accesses become inefficient due
to the lack of shared prefixes across reasoning paths. Without
sufficient KV sharing, the system repeatedly reloads overlap-
ping or identical context segments across different branches,
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Figure 5: (a) Illustrative roofline analysis; (b) Intensity degra-
dation over decode steps.

increasing memory bandwidth consumption. This repeated
loading not only adds latency but also prevents tree-based
optimizations like Radix Attention.

As shown in Figure 5(a), these repeated memory operations
result in low arithmetic intensity (FLOPs/Byte), making mem-
ory access the primary bottleneck. DFS is inherently confined
to the memory-bound region due to their strict sequential-
ity. While BFS starts with higher parallelism, it suffers from
batch attrition. As illustrated in Figure 5(b), the early com-
pletion of shorter branches degrades the effective batch size,
dynamically shifting the workload from compute-bound into
memory-bound regime.

3.3 Motivation

While the reward barrier limits inter-branch concurrency, sig-
nificant latent parallelism exists within the reasoning tree. By
speculatively exploring confident branches before reward
feedback arrives, we can break the reward barrier, reduce
synchronization delays, and reuse shared prefixes.

This motivates SPEX, a speculative exploration framework
that exploits potential parallelism to overcome sequential bot-
tlenecks in ToT reasoning. Specifically, SPEX proactively and
speculatively explores promising candidate branches based on
predictive signals, as illustrated in Figure 3(b). This removes
the blocking dependency on reward feedback, allowing the
expansion process to continue without idling.

3.4 Challenges

However, directly applying speculative exploration is insuffi-
cient, as it faces the following challenges.

Challenge 1: Speculating Inaccuracy on Future-Needed
Branches. Speculating on future-needed branches is straight-
forward in BFS, where candidate nodes are confined to the
current depth. However, for DFS algorithms like MCTS, every
node in the tree may be revisited, making it difficult to predict
which branches will be required. This complexity increases
the difficulty of efficiently allocating speculative computation
to accelerate future exploration.

Challenge 2: Complex Speculative Budget Allocation
across Multiple Queries. In multi-query scenarios, distribut-
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Figure 6: (a) Stability of MCTS node values across rollout
steps. These estimates change as later rollouts update ancestor
nodes. (b) Fluctuations in the number of potential speculative
nodes for two queries at different decoding steps in REBASE.
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Figure 7: (a) SPEX struggles with skewed trees under the RE-
BASE algorithm due to dominant deep branches. (b) Answer
count and correct rate of different reasoning depths in skewed
deep trees (depth > 10).

ing speculative resources becomes more complex due to vari-
ations in the number of potential nodes per query and their
probabilities of future relevance. As illustrated in Figure 6(b),
the number of nodes available for speculative execution fluctu-
ates significantly between queries. Additionally, these nodes
may vary in their likelihood of being utilized, depending on
the accuracy of predictions for each query. This variability,
combined with limited system resources, requires dynamic al-
location strategies that prioritize queries based on their search
state, predicted utility, and overall system capacity to optimize
throughput and responsiveness.

Challenge 3: Inefficient Resource Allocation under
Skewed Tree Structures. For highly skewed trees, SPEX
struggles to achieve significant acceleration, as shown in Fig-
ure 7(a). In such cases, the majority of computational re-
sources are consumed by disproportionately deep branches,
which are challenging to predict and explore speculatively.
This reduces parallelism, increases latency from sequential ex-
ploration, and limits efficient resource allocation, particularly
when dealing with long dominant branches.

4 The SPEX Design

This section presents the design of SPEX, a speculative explo-
ration framework that breaks the reward dependency barrier
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by increasing parallelism for ToT reasoning.

4.1 Overview

The key idea of SPEX is to speculatively explore confident
branches before reward feedback arrives, as presented in §3.3.
To address the challenges identified in speculative exploration
(§3.4), SPEX leverages three core techniques, each motivated
by key insights observed in ToT reasoning.

Insight 1: Reward Stability Enables Prediction. As
shown in Figure 6(a), node value estimates in MCTS exhibit
high stability across iterations, with reward values changing
minimally as rollouts progress. A later rollout updates the
value estimates and visit counts of its ancestor nodes, so a
node’s estimate may evolve over time. This is because each
expansion step updates only one node’s statistics, and rewards,
averaged over multiple rollouts, evolve slowly while UCB
variations are primarily influenced by visit counts. This stabil-
ity allows reasonably accurate predictions of node behavior,
facilitating speculative execution or pruning strategies to re-
duce sequential bottlenecks.

Based on the insight, we propose an efficient intra-query
speculative branch selection scheme, which leverages reward
stability in DFS and score-based allocation in BFS to identify
high-likelihood branches for speculation (addressing Chal-
lenge 1).

Insight 2: Shared Computation Shapes Allocation. Ef-
ficient allocation of speculative resources requires evaluat-
ing the potential benefits of each query. The primary gains
from speculative exploration arise from two forms of shared
computation: (i) parameter loading reuse, where speculative
branches share model weights with the primary branch, and
(i1) KV cache reuse, where branches with overlapping prefixes
reuse cached attention states. These benefits are influenced by
factors such as the prediction accuracy of speculative branches
and the proportion of the KV cache that can be reused. By
quantifying these elements, the system can guide resource dis-
tribution to maximize the overall utility of speculation while
minimizing waste on low-impact queries.

Based on the insight, we propose an efficient inter-query
budget allocation scheme, which dynamically distributes spec-
ulative resources across queries based on predicted utility, KV
cache reuse potential, and system constraints, ensuring bal-
anced and efficient utilization (addressing Challenge 2).

Insight 3: Answer Depth Bias Favors Shallower Explo-
ration. As illustrated in Figure 7(b), even for skewed deep
trees, most answers are generated at shallower depths, where
the correct rate is also higher. This indicates that early-stage
exploration typically produces both more frequent and more
accurate solutions, suggesting that deep exploration may often
be unnecessary under majority vote [31] strategies.

Based on the insight, we propose an adaptive early ter-
mination strategy, which halts exploration in skewed trees
once sufficient confidence is achieved, avoiding unnecessary
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computation in deep branches (addressing Challenge 3).

Together, these three techniques define the SPEX workflow,
as illustrated in Figure 8. First, given multiple queries, SPEX
applies the inter-query budget allocation scheme to allocate
speculative resources based on query probability, KV cache
reuse potential, and hardware capabilities (§4.3). Next, for
each query, SPEX employs the intra-query speculative selec-
tion scheme to predict and expand the most promising future
branches for speculative exploration (§4.2). Finally, to handle
skewed trees, SPEX integrates the adaptive early termination
strategy, which halts exploration and returns answers when
the system has gathered sufficient confidence (§4.4).

Finally, to unify speculative exploration across diverse ToT
reasoning algorithms, we design SPEX as a general pro-
ducer—consumer execution framework (§4.5) that integrates
the three techniques.

4.2 Intra-query Speculative Selection

To improve efficiency within a single query, SPEX integrates
speculative exploration into the node selection process, em-
ploying two complementary strategies: one tailored for DFS
and the other for BFS algorithms.

1) Speculation for Depth-First Search. As shown in In-
sight 1, reward estimates of individual nodes in MCTS exhibit
high stability across iterations, enabling accurate forecasting
of future node selections without invoking the reward value.

SPEX leverages this property by simulating the next k pri-
mary selections under the current tree state. Here, simulation
means applying the same UCB selection rule on a tempo-
rary tree state, using current value estimates, visit counts,
and active speculation records, without invoking LLM gen-
eration or reward evaluation. After each simulated selection,
the algorithm updates visit counts and UCB values before
proceeding to the next simulated step, ensuring that subse-
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each simulated choice, and skipping nodes already under or completed in speculation. (b) SPEX allocates speculative branches
via softmax over reward scores, prioritizing high-value nodes to improve reuse and reduce stragglers.

quent predictions are conditioned on prior choices. It does
not assume rewards are identical along a path; it relies on
short-horizon stability of node value estimates. If the selected
node is already under speculative expansion, it is skipped. If
speculation for that node has been completed, the stored spec-
ulative reward is incorporated into the UCB update to refine
the accuracy of future forecasts. This process focuses specu-
lative computation on unoccupied, high-likelihood branches
while reusing prior results to improve prediction accuracy.

Algorithm | presents the speculative selection procedure,
and Figure 9(a) illustrates its execution. SPEX predicts the
next UCB-based choices, skips nodes already under specula-
tion, and integrates completed speculative results into value
updates. As a result, the system keeps producers busy with
reusable work while minimizing redundant expansions.

2) Speculation for Breadth-First Search. In BFS, specula-
tive exploration targets the inefficiency caused by the long-tail
variance in decoding lengths. Since shorter branches finish
significantly earlier than the longest ones, they create valuable
idle slots at the reward barrier. SPEX leverages this opportu-
nity by proactively expanding these completed short nodes
while the system waits for the stragglers.

As illustrated in Figure 9(b), the speculative budget
matches the count of completed nodes. To distribute this bud-
get, SPEX applies the expansion policy of the underlying
BFS algorithm to these finished nodes. For instance, with RE-
BASE, SPEX employs its reward-based softmax to determine
the expansion width. By strictly adhering to this baseline

Algorithm 1 Speculation for ToT-DFS.
Input: Search tree tree, number of speculative branches k
Output: Ordered list of speculative nodes to expand
selected_nodes < [ ]
forr < 1tokdo
node < SimulateNext(zree)
while node € active_expansions or node € com-
pleted_speculations do
if node € completed_speculations then
UpdateUCBWithReward(node.reward)
end if
node < SimulateNext(tree)
end while
selected_nodes.append(node)
IncrementVisitCount(node)
UpdateUCB(tree)
end for
return selected_nodes

policy, SPEX allocates more speculative children to higher-
scoring nodes (e.g., node 2). This consistency ensures that
speculative choices mirror the algorithm’s intended search
path, thereby maximizing prediction accuracy.
Mis-speculation Handling. SPEX adopts distinct strate-
gies for handling mis-speculation. For DFS, SPEX operates
without explicit detection mechanisms. Since DFS explores
paths iteratively, a prediction not selected in the current round
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remains a valid candidate for future rollouts. In contrast, for
BFS, SPEX implements strict verification. It detects mis-
speculation by cross-referencing predicted nodes with the
actual expansion frontier. If a speculated node is not selected
by the current frontier, SPEX immediately terminates the
corresponding branch to prevent resource wastage.

4.3 Inter-query Budget Allocation

In multi-query serving, SPEX allocates speculative execution
across queries to maximize overall throughput while respect-
ing hardware limits and each query’s parallel capacity.

We first determine the global speculative budget k;,;,; using
a roofline analysis. Achievable throughput is bounded by the
intersection of the compute and memory ceilings; the corre-
sponding batch concurrency is taken as k. This ensures
that speculation moves execution toward the compute-bound
regime without oversaturating on-chip memory bandwidth or
degrading arithmetic intensity.

The acceleration of speculation arises from two pri-
mary forms of reuse: (i) parameter reuse, where speculative
branches amortize model parameters with the primary branch,
and (ii) KV cache reuse, where branches sharing long prefixes
with the primary path reuse KV states in attention computa-
tion. Live nodes keep their prefix KV states in the serving
cache when resident; a speculative child only needs to gen-
erate KV states after its fork point. Let S,, denote the model
parameter size, and Sky (¢) the amount of KV state in query
q that can be reused by its speculative branches.

For each query ¢, we estimate its speculative utility as

scoreg = Cq X Py x (Syw+Skv(q)), (1)

where C, is the exploitable parallel capacity within the query
and P, is the predicted hit rate of speculative branches. Con-
cretely, C, is the number of eligible speculative branches that
query ¢ can issue without duplicating active work.

The allocation of the global budget follows a softmax
weighting over these scores:

eTSCUVEq
k, = min (Cq7 | ktora - WJ) ) (2)
where T controls allocation sharpness. This strategy assigns
more speculative capacity to queries with higher expected
benefit while avoiding overspeculation beyond each query’s

intrinsic parallelism.

4.4 Early Termination for Skewed Trees

In highly skewed trees, SPEX faces significant challenges in
achieving acceleration due to the disproportionate computa-
tional cost of exploring deep branches. However, as noted
in Insight 3, most answers are generated at shallower depths,
where the correctness rate is higher. This suggests that ex-
haustive exploration of deep branches is often unnecessary,

especially when reliable solutions can already be inferred
from earlier exploration stages.

To address this, we propose an adaptive early termination
strategy that halts exploration once sufficient evidence has
been gathered to confidently determine a result. This termina-
tion applies to the actual ToT search, not only to speculative
branches. Specifically, during exploration, SPEX monitors
the total number of generated answers n and the confidence
scores of the top two hypotheses. The confidence scores are
defined as:

confiq = Y wi, confaa= Y wi (3)

iclst i€2nd

where conf|g and conf,pg represent the total rewards belong-
ing to the top 1 and top 2 answers, respectively.
Exploration terminates early if it satisfies the condition:

n>t and confjy —confyyg > a-avg(wong), (4)

where ¢ is the minimum number of answers required, o is
a scaling factor controlling the margin of confidence, and
avg(wanq) is the average weight of answers belonging to the
second-best hypothesis. In the experiments,  is set to 0.5.
This ensures that exploration avoids unnecessary computation
in deep branches when high-confidence solutions can already
be determined from shallower exploration. Thus, any potential
accuracy tradeoff stems from pruning these deep branches
before full exploration.

4.5 General Producer—Consumer Framework

To unify speculative exploration across different ToT algo-
rithms, we design SPEX as a general producer—consumer ex-
ecution framework. It decouples branch expansion (producer
role) from control logic (consumer role), enabling concurrent
processing of both primary and speculative branches while
dynamically adapting to system conditions.

Specifically, multiple producers execute explorations in
parallel. A producer may be assigned to (i) a node along
the primary branch—the branch that the underlying search
algorithm A is currently committed to exploring—or (ii) a
node from speculative branches predicted to have high utility.
The centralized consumer loop monitors the completion of
these expansions through a shared completion queue.

When a completed node belongs to the primary branch, the
consumer immediately appends it to the search tree and trig-
gers the next expansion step dictated by 4. Simultaneously,
the consumer evaluates whether idle producers can be utilized
for additional speculative expansions, thereby overlapping
useful computation with reward model latency. The scheduler
also favors speculative nodes with reusable prefixes, reducing
extra KV-cache footprint. If the completed node originates
from a speculative branch, it is appended to the speculative
subtree. The system again inspects available resources and,
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Algorithm 2 SPEX Producer-Consumer Framework

Input: Initial state s, search algorithm type A4
Qutput: Final state s,
tree < Tree structure with root s
request_queue, completion_queue + []
Launch multiple ProducerWorker() instances
request_queue.put(sp)
while search is not complete do
(node, child) + await completion_queue
if tree.is_on_primary_branch (node, 1) then
tree.add_node(child)
tree.expand(4)
else
tree.add_spec_node(child)
end if
while has_idle_producers() do
spec_node <« tree.select_spec()
request_queue.put(spec_node)
end while
end while
Return tree.s,,

procedure PRODUCERWORKER
while not Terminate do
node < await request_queue
new_child + expand_node(node)
completion_queue.put(node, new_child)
end while
end procedure

if capacity permits, issues further speculative expansions to
keep producer threads saturated.

Algorithm 2 outlines the execution flow. The design
achieves three benefits. 1) Non-blocking Execution: Pri-
mary branch progress is never stalled by speculative work.
2) Opportunistic Parallelism: Idle resources are oppor-
tunistically exploited for parallel speculative exploration. 3)
Algorithm-agnostic Unification: The framework remains
agnostic to the underlying reasoning algorithm, supporting
different paradigms within a unified scheduling architecture.

5 Implementation

We implemented the SPEX system on top of SGLang [71],
introducing several key modifications and components.

On the server side, we modified the SGLang front-end im-
plementation. The original system was designed to handle
batch requests that return results collectively. To enable finer-
grained scheduling, we re-engineered the system to support
asynchronous responses, allowing individual requests to re-
turn results independently.

On the application side, we utilized Python’s coroutine

Table 1: Configurations of evaluated algorithms. The configu-
ration values denote the target number of generated answers.

Algorithm Type Configuration
REST-MCTS [68]  DFS+BFS 5,10
RSTAR-MCTS [46] DFS 5,10
REBASE [60] BFS 8,16
ETS [23] BFS 8,16

framework to implement the coordinated operation of a
Producer-Consumer model, which manages interactions
with SGLang. All three core components of the SPEX system
were implemented on the application side, ensuring seamless
integration and efficient task execution.

6 Experimental Evaluation

6.1 Experimental Setup

Models. We evaluated SPEX across four models: Llemma-
7B, Llemma-34B [1], DeepSeek-R1-Distill-Qwen-8B [20],
and Qwen3-30B-A3B [53]. The Llemma suite was selected to
ensure comparability with established ToT baselines, as these
models are used in those evaluations [23, 60]. We employ its
dedicated reward model for evaluation. Conversely, DeepSeek
and Qwen were included to validate generalization to state-of-
the-art models, where we derived reward signals directly from
intrinsic log probabilities to serve as confidence proxies [18].

Hardware. We conducted experiments across different
hardware setups to evaluate SPEX’s performance under
various scenarios. Specifically, we tested Llemma-7B and
Deepseek-8B on NVIDIA A6000 GPUs, while Llemma-34B
and Qwen3-30B-A3B were evaluated on NVIDIA A100
GPUs. These setups allowed us to analyze and compare per-
formance across diverse compute environments.

Datasets. To ensure a fair comparison, we matched the
dataset difficulty to the capabilities of each model. For
the Llemma family, we utilized GSMS8K [14] and MATH-
500 [21, 34] following the experiment setup of REBASE
and ETS, as more extreme challenges like AIME remain
intractable for Llemma even with ToT. In contrast, for the
state-of-the-art models (DeepSeek and Qwen), simpler tasks
like MATH-500 can be easily solved without search. There-
fore, we utilized high-difficulty benchmarks, including AIME
2024 [39], AIME 2025 [40], BRUMO [4], and HMMT-Feb25
[22] to demonstrate the performance of our framework.

Algorithms. As listed in Table 1, we evaluated SPEX on
four representative ToT algorithms: REST-MCTS, RSTAR-
MCTS, REBASE and ETS. Each algorithm was tested under
two configurations, which represent the number of answers to
generate; specifically, this corresponds to the rollout count for
DFS methods and the initial search width for BFS methods.
Here batch size denotes concurrent ToT queries, not individual
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Figure 10: The speedup and throughput (finished questions per minute) for different ToT reasoning tasks.

branch-generation requests. For example, one REBASE-16
query already contains 16 requests, so BS=8 can expose up
to 128 such requests before SPEX adds speculative branches.

6.2 End-to-End Performance

Figure 10 presents the throughput and speedup of SPEX
compared to baseline across various algorithms, configura-
tions, and batch sizes. The results demonstrate consistent
performance improvements with SPEX under diverse settings.
SPEX targets query throughput; extra speculative branches
may slightly increase per-token latency, as analyzed in § 6.6.

On average, SPEX achieves a speedup of 1.8-3x for DFS
and 1.2-1.9x for BFS. The greater acceleration for DFS stems
from their inherently limited branch-level parallelism, where
SPEX introduces more opportunities for optimization. In con-
trast, algorithms without DFS like REBASE already exhibit
significant parallelism, leaving less room for further improve-
ment. Among DFS algorithms, REST-MCTS achieves slightly
higher speedup compared to RSTAR-MCTS, as the BFS cre-
ates more opportunities for SPEX optimization.

Impact of Batch Size: The speedup is particularly notable
at smaller batch sizes. These batch sizes should be interpreted
at the ToT-query level, not as the number of individual de-
coding sequences. For DFS algorithms, SPEX can achieve
up to 3x acceleration at small batch sizes, and for BFS-only
algorithms, the speedup reaches up to 1.7x. As the batch size

increases, the system transitions from being memory-bound
to compute-bound, reducing SPEX’s relative benefits.

Impact of Configuration: DFS algorithms demonstrate
higher speedup when generating more answers, as this in-
creases the number of potential nodes. Conversely, for BFS-
only algorithms, generating more answers results in lower
speedup. This is because algorithms like REBASE expand
branches proportional to the required answers, transitioning
to a compute-bound regime.

6.3 Accuracy Evaluation

We report pass@ 1 accuracy and keep the same decoding set-
tings, including sampling temperature, top-p, and token limits,
for all methods. Table 2 demonstrates the accuracy evaluation
across pure CoT, the ToT baseline, and SPEX. The results
show that stepwise ToT provides a clear accuracy lift over pure
CoT, and SPEX preserves this lift while improving through-
put. The results indicate that early termination introduced by
SPEX does not negatively impact accuracy. Any accuracy
difference mainly comes from early termination changing the
explored search space. For most configurations, SPEX can
achieve slightly higher accuracy than the ToT baseline. This
gain stems from our adaptive early termination technique.
Deep, skewed branches tend to exhibit lower correctness. By
terminating these branches early upon reaching high con-
fidence, SPEX prevents low-quality tails from skewing the
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Table 2: Accuracy evaluation.

Model ~ Dataset Method  REST RSTAR  REBASE ETS AVG
Config. 5/10 5/10 8/16 8/16
CoT 26.8 26.8 26.8 26.8 26.8
MATH
"s00 ToT  352/374  356/37.0 434/452 40.6/438 403
Llemma SPEX  36.8/388 33.8/364 40.8/464 422/460 415

-7B CoT 63.8 63.8 63.8 63.8 63.8
GSMSK  ToT 75.8/77.1  74.6/764  835/86.7 82.1/834 807

SPEX  77.3/78.1 749/768 84.6/87.0 85.0/86.7 818

CoT 29.0 29.0 29.0 29.0 29.0

"s00 ToT 412/40.0 37.2/384 434/480 41.0/456 423

Liemma SPEX  38.2/40.8 34.8/38.8 46.0/466 44.9/454 429
-34B CoT 75.1 75.1 75.1 75.1 75.1
GSM8K  ToT 79.9/80.9  77.7/80.1 873/88.0 86.7/87.3 839

SPEX  80.0/81.7 79.1/80.3 87.6/88.0 865/87.9 842

CoT 533 533 533 533 533

AIME24  ToT 733/733  667/700 80.0/767 733/733 733

SPEX  76.7/700 66.7/733 76.7/767 76.7/733 738

CoT 56.7 56.7 56.7 56.7 56.7

AIME25  ToT 700/733  70.0/700 66.7/633 60.0/60.0 667

SPEX  70.0/700 70.0/733  66.7/70.0 63.3/66.7 688

MATH

Deepseel CoT 60.0 60.0 60.0 60.0 60.0
BRUMO  ToT 70.0/70.0  733/733 70.0/733  63.3/63.3 69.6

SPEX 70.0/66.7 76.7/76.7 76.7/73.3 70.0/70.0 72.5

CoT 46.7 46.7 46.7 46.7 46.7

HMMT ToT 60.0/60.0  60.0/60.0 60.0/60.0  53.3/60.0 59.2

SPEX 60.0/60.0 60.0/63.3 56.7/56.7  60.0/60.0 59.6

CoT 533 533 533 533 533

AIME24 ToT 70.0/73.3 70.0/733 80.0/76.7 73.3/73.3 73.8

SPEX 73.3/80.0 80.0/80.0 76.7/76.7 76.7/80.0 779

CoT 60.0 60.0 60.0 60.0 60.0

AIME25 ToT 70.0/66.7  66.7/66.7 60.0/63.3  63.3/60.0 64.6

Qwen SPEX 63.3/70.0 66.7/66.7 70.0/70.0 63.3/56.7 658

CoT 66.7 66.7 66.7 66.7 66.7
BRUMO ToT 73.3/76.7 76.7/733  733/76.7 70.0/73.3 742
SPEX 70.0/76.7 80.0/73.3 70.0/76.7 76.7/76.7 74.6
CoT 533 533 533 533 533
HMMT ToT 60.0/60.0 56.7/60.0 63.3/56.7 56.7/63.3 59.6
SPEX 63.3/60.0 60.0/60.0 63.3/60.0 60.0/60.0 60.8

majority vote.

6.4 Ablation Study

To evaluate the contribution of each key technique in SPEX,
we conducted an ablation study as shown in Figure 1 1. Three
techniques were analyzed: T1 (Intra-query Speculative Se-
lection), T2 (Inter-query Budget Allocation), and T3 (Early
Termination).

T1 demonstrates significant speedup by allowing specula-
tive execution within queries to exploit parallelism, especially
for smaller batch sizes. T2 becomes increasingly critical as
batch size grows, ensuring efficient allocation of computa-
tional resources when the system transitions from memory-
bound to compute-bound. T3 provides a stable speedup of
around 1.2x across all configurations by identifying and ter-
minating low-potential branches early.

The combination of all three techniques yields the high-
est overall performance, with notable improvements in both
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Figure 11: Ablation study of three techniques in SPEX for (a)
RSTAR-10 and (b) REBASE-16. T1 represents Intra-query
Speculative Selection, T2 represents Inter-query Budget Allo-
cation and T3 represents Early Termination.
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Figure 12: Orthogonality analysis of SPEX and MTP for (a)
RSTAR-10 and (b) REBASE-8.

small-batch and large-batch scenarios.

6.5 Compatibility with Speculative Decoding

To demonstrate that SPEX is orthogonal to token-level opti-
mizations, we integrated it with the Multi-Token Prediction
(MTP) module of DeepSeek-R1-8B. Since the performance
of speculative decoding is highly sensitive to the token tree,
we empirically tuned the token tree size based on the batch
size. For RSTAR-10, which inherently has a smaller effective
batch size due to sequential dependency, we maintained a
token tree size of 16 across all settings. For REBASE-8, we
adopted an adaptive configuration: a tree size of 16 for batch
size (BS) 1, scaled down to 8 for BS=4, and 4 for BS=8, to
mitigate compute contention.

Figure 12 illustrates the speedup breakdown. The re-
sults confirm that SPEX and MTP target distinct bottle-
necks and can be effectively composed. The combina-
tion (Baseline+MTP+SPEX) consistently yields the high-
est throughput. Notably, for RSTAR-10 at BS=1, combining
SPEX with MTP boosts the speedup from ~ 2.0x (MTP
only) and ~ 3.1 x (SPEX only) to a remarkably ~ 4.1x. As
the batch size increases, the system transitions from memory-
bound to compute-bound. Consequently, the marginal gain
from MTP diminishes. However, SPEX maintains robust ac-
celeration even when token-level speculation saturates.
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Figure 13: Overhead analysis of SPEX.

6.6 Overhead analysis

As SPEX increases the number of parallel branches within
each query, it introduces additional overhead that affects both
the reasoning model’s Time-per-Output-Token (TPOT) and
the reward model’s evaluation latency, particularly when the
system approaches a compute-bound regime. Figure 13 illus-
trates these effects.

For the reasoning model’s output speed, while SPEX raises
the risk of pushing the system into an over-compute-bound
state, the observed overhead remains controlled within 15%.
This indicates that SPEX effectively balances the trade-off
between batch size scaling and computational efficiency.

For the reward model’s evaluation latency, the impact of
SPEX is minimal. The average delay introduced by SPEX is
less than 0.1 seconds, which is negligible compared to the
reasoning model’s overall processing time. This demonstrates
that SPEX’s design introduces only minor latency overhead
for reward evaluation, ensuring it does not become a bottle-
neck in the reasoning pipeline.

6.7 Prediction Accuracy

Figure 14 evaluates the prediction accuracy of SPEX. In (a),
the hit rate of RSTAR-MCTS decreases as the prediction
distance increases, illustrating the challenge of maintaining
accuracy in DFS algorithms when predicting further rollouts.
In (b), the hit rate of REBASE decreases with increasing
depth, as shallow layers contain more low-scoring nodes that
are easier to identify, while deeper layers consist of nodes with
closer scores, making differentiation more difficult. There-
fore, we prefer to allocate SPEX resources evenly for DFS
algorithms and prioritize shallow layers for BFS algorithms.
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Figure 14: Prediction accuracy evaluation. (a) Hit rate of
RSTAR-MCTS for predicting rollouts across different dis-
tances. (b) Hit rate of REBASE at varying depths.
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Figure 15: (a) Probability of speculative explorations reaching
the critical path for REBASE configurations. (b) Tokens al-
ready generated speculatively before the critical path reaches.

For DFS algorithms, prediction accuracy directly translates
into speedup. However, for BFS-only algorithms like RE-
BASE, only speculative expansions along the critical path lead
to acceleration. As shown in Figure 15(a), the probability of
speculative expansions reaching the critical path ranges from
40% to 60% across different depths. In Figure 15(b), the aver-
age number of tokens pre-generated before the critical path
reaches them is approximately 20 per depth, highlighting the
importance of accurate targeting for efficient performance.

7 Related Work

We categorize related work into three lines and position SPEX
with respect to each.

Speculative Decoding. Speculative decoding is an effec-
tive method for accelerating memory-bound LLM inference.
It uses a smaller draft model to predict future tokens, which are
then verified by the main model [6,28,61]. Recent advance-
ments have extended this technique to accelerate reasoning
models [33,44,49,63]. These techniques operate along a sin-
gle linear trajectory, speculating on the next-token sequence
of one reasoning path. In contrast, SPEX speculates over the
tree structure of reasoning, predicting which branches will be
needed before reward feedback is available. As we show in
our evaluation, tree-level speculative exploration in SPEX is
complementary to token-level speculative decoding and can
be composed with it to yield cumulative speedups.
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Speculative Tree Search and Speculative Execution.
Speculation has also been applied to MCTS and other search
procedures. Prior work on speculative MCTS [12,25] targets
AlphaZero-style game search, where the bottleneck is the cost
of reward evaluation. These systems speculate on future roll-
outs to amortize network computation, assuming a compute-
bound regime and relatively cheap tree traversal. Our setting
is fundamentally different: ToT reasoning with LLMs is pre-
dominantly memory-bandwidth-bound due to autoregressive
decoding and KV-cache access. SPEX is designed specifically
for this regime: it breaks the reward dependency barrier for
both Depth-First and Breadth-First Search, incorporates KV-
cache reuse and parameter reuse into its scheduling decisions,
and coordinates speculation across concurrent queries. More
broadly, hardware-level speculative execution mechanisms
(e.g., branch prediction, value prediction, and speculation for
FSM parallelization [48]) motivate using prediction to unlock
latent parallelism; SPEX instantiates this principle at the ToT
algorithm and system level for LLM reasoning workloads.

Efficient Reasoning Algorithms. To improve reasoning
efficiency, various algorithmic approaches focus on reducing
the number of generated tokens. These methods include early
exit [10, 17,32, 67], CoT compression [7,9,24,35,57,70],
and adaptive reasoning [36-38,45,54,58], which dynamically
shorten or adjust reasoning paths based on task complexity
or model confidence. These methods primarily optimize the
amount of test-time compute. SPEX is orthogonal: given a
target ToT algorithm and its compute budget, we focus on how
to schedule and speculate over tree expansions to break the
reward dependency barrier and improve hardware efficiency
without changing the underlying reasoning algorithm.

8 Conclusion

We propose SPEX, a speculative exploration framework that
breaks the reward dependency barrier in Tree-of-Thought rea-
soning. By introducing intra-query speculative branch selec-
tion, inter-query budget allocation, and adaptive early termi-
nation, SPEX significantly enhances parallelism and reduces
latency. Comprehensive evaluations demonstrate up to 3x
speedup for DFS and 1.7x speedup for BFS, all while pre-
serving accuracy. SPEX provides an effective and scalable
solution for optimizing ToT reasoning, bridging the gap be-
tween algorithmic innovation and system-level performance.
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